We apply the formalism of quantum measurement theory to the idealized measurement of the position of a particle with an optical interferometer, finding that the backaction of counting entangled photons systematically collapses the particle's wavefunction toward a narrow Gaussian wavepacket at the location x est determined by the measurement without appeal to environmental decoherence or other spontaneous collapse mechanism. Further, the variance in the particle's position, as calculated from the post-measurement wavefunction agrees precisely with shot-noise limited uncertainty of the measured x est . Both the identification of the absolute square of the particle's initial wavefunction as the probability density for x est and the de Broglie hypothesis emerge as consequences of interpreting the intensity of the optical field as proportional to the probability of detecting a photon. Linear momentum information that is encoded in the particle's initial wavefunction survives the measurement, and the pre-measurement expectation values are preserved in the ensemble average.
I. INTRODUCTION
There is a problem at the foundation of quantum mechanics. Among its postulates are two that make seemingly contradictory assertions about the time evolution of the physical state of a system. According to one postulate, the state evolves according the deterministic Schrödinger equation. The other postulate in question asserts that the state changes randomly whenever a measurement occurs, collapsing to a new state that is consistent with the random outcome of the measurement. [1] [2] [3] Attempts to treat both postulates as fundamental challenge the concept of a physical world with an observer-independent existence that forms the basis of our common experiences and in which observers and measuring devices obey the same physical laws as the systems they study-a state of affairs in quantum mechanics commonly known as the measurement problem.
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In practice, the application of quantum mechanics requires a choice of which timeevolution postulate to use. In spite of the fact that the theory is silent on how to determine when a measurement has or has not occurred, physicists reliably make the correct choice, leading many to conclude that either the problem does not exist or its serious consideration is not urgent. 8 Others have made concerted efforts to resolve the contradiction by reformulating or reinterpreting the theory. Current lines of development include spontaneous wave function collapse models, 9,10 the many worlds, consistent histories 11 and quantum-Bayesian (QBist) interpretations, 12 and environmental decoherence theory 13, 14 .
The archetypal illustration of the measurement problem is the collapse of a particle's wavefunction during an optical measurement of its position. Wavefunction collapse also occurs in the collision of a particle with a detector, but in this case the unitary evolution of the particle's state under its free-particle Hamiltonian must come to a messy end on reaching the detector. Accounting for the macroscopic detector's internal degrees of freedom is intractable, so it is not possible to compare evolution of the particle state under the measurement postulate and evolution of the particle-detector system under the Schrödinger equation. On the other hand, the light field in the optical measurement might be described by inclusion of an interaction term in the Hamiltonian, and the state could continue to evolve under the Schrödinger equation. Alternatively, the particle could scatter light and mysteriously appear at a specific place and time with a collapsed wave function characterized by a small uncertainty in position and a large uncertainty in linear momentum in accordance with the measurement postulate, which gives us no insight into the mechanism by which the wavefunction evolved to this new state or how its position came to be correlated to the observed distribution of the scattered light. 15 Quantum mechanics does not seem to favor one alternative over the other.
The present work does not attempt to resolve the measurement problem. Rather, it presents an idealized model to demonstrate that the distinction between the mysterious inflight wavefunction collapse and the collapse that occurs when a particle strikes a detector is not fundamental. In the model, the mechanism of wavefunction collapse is the creation of quantum entanglement between the particle and photons and its subsequent destruction when the photons are detected. Given the data record from the photon detectors, the model makes a quantitative prediction for the post-measurement particle wavefunction that approaches the predictions of the measurement postulate in the limit of a precise position measurement.
Remarkably, the model is developed from optical devices and quantum conceptsinterferometers, photon counting, two-particle entanglement-at the level of many modern physics courses. As such, it could be incorporated into the modern physics narrative to provide a conceptual bridge between the intensity of the optical field as a measure of the photon detection probability and the absolute square of the nonrelativistic wavefunction as the probability density for the position of a particle. The model also motivates the de Broglie hypothesis for the wavelength of a nonrelativistic particle.
The remainder of this paper is organized as follows. Sec. II introduces a specific interferometer configuration, provides an analysis of its use to measure the position of a classical particle by photon counting, and discusses the fundamental limits placed on such a measurement by photon shot noise. In Sec. III we develop a description of the same position measurement in terms of quantum measurement theory and repeated weak measurements with an emphasis on the quantum trajectory of the particle's state toward a collapsed eigenstate of the position operator. The statistics of an ensemble of such measurements are considered in Sec. IV and Sec. V. Section VI discusses the relationship to observations of weak values, followed by concluding remarks in Sec. VII.
II. INTERFEROMETER-BASED POSITION ESTIMATE AND POSITION

UNCERTAINTY
Any interferometer-based measurement correlates the value of the observable being measured with the excess phase of light that is transmitted through one of the interferometer's optical paths. Small interferometers are routinely used as sensors of position and other observables in experiments. 16 The essence of measuring the position of a particle is establishing the distance along a particular direction between the particle and a reference point.
For the interferometer-based position measurement described in Fig. 1 , the location of a beam splitter serves as the reference point.
For this Mach-Zehnder configuration, the position of the particle relative to the beam splitter and the length of the interferometer's upper arm are then identical. The length of this arm determines the excess phase in the upper optical path of the interferometer, thereby allowing the measurement of the particle's position through interference with light in the lower reference path. Operationally, a position measurement consists of sequentially passing N photons of wavenumber k through the interferometer and recording their arrival at the detectors. We ignore the evolution of the particle's state under its internal Hamiltonian for the short duration of the measurement.
The effect of transport through the interferometer on the photon is determined through a straightforward application of physical optics. Adopting Loudon's notation and phase convention for symmetric beam splitters, 17 the state of a single photon introduced to the input of the interferometer by the photon source at port 1 and the vacuum at port 2,
is written in the output basis as
The amplitudes for detecting a photon in each output port vary with χ, and the corresponding probabilities oscillate sinusoidally. The instrument is most sensitive to the position of the particle (i.e. the slope of the photon detection probability as a function of χ is maximum) when χ ≈ π(n + 1/4)/k, where n is an integer. Taking one of these sensitive points as the origin of the x-axis, we make the substitution χ = x + π(n + 1/4)/k in Eq. (2). The state of the photon in the output basis is then written as
where
Tuning of the interferometer is achieved by adjusting k or the spacing between the particle and the beam splitters so that the nominal position of the particle is near x = 0.
The probability of detecting a photon at each output port is the absolute square of the amplitude for the photon to be in the corresponding state:
In the limit of small kx (i.e., in the case of a tuned interferometer where the particle is localized in a region much smaller than one photon wavelength from its nominal position), the difference between the probability for a photon to be detected at port b and port a is related to x by
The position of the particle is estimated by passing N photons through the interferometer and counting the number of photons n a and n b detected at each port. Then,
For finite N, n a /N and n b /N are only approximations of the probabilities P a and P b , so the precision of the position estimate is limited by the shot noise of the photons. From the observation that tuning implies |n a − n b | << N, the variance of x est is
Even though x is taken to be a continuous variable, the measurement can only return one of N + 1 discrete values for x est . The smallest possible increment in x est is
In other words, the result of the measurement is that x was found to be in the range (x est − δx est /2, x est + δx est /2). While it may be tempting to make a direct comparison between σ xest and δx, it is clear from their different scaling with N that they must have different physical interpretations.
III. COLLAPSE OF THE WAVEFUNCTION
From the experimenter's point of view, interpretation of the interferometer data is independent of whether a classical or quantum particle is observed. The question of interest in this section is whether orthodox quantum mechanics, 18 at least in the limit of N → ∞, provides a mechanism by which the particle' quantum state collapses systematically toward an eigenstate of position at the location x est with position uncertainty σ xest and probability |ψ 0 (x est )| 2 δx as a consequence solely of photon detection at the two output ports. To answer this question, we must determine how the composite quantum state of the particle-photon system evolves between the introduction of each photon and its subsequent detection. We do so in the context of a generalized quantum measurement.
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In a generalized quantum measurement, the system being measured (the target), initially in the quantum state |ψ , couples via unitary evolution U under a transient interaction
Hamiltonian with an ancillary system (the probe), which has been prepared independently in the quantum state |i . Prior to the interaction, the uncorrelated state of the composite target-probe system is
Following the interaction, the composite system is left in the entangled state
where the probe state has been expressed in terms of the measurement basis {|n }, and the measurement operators M n , which are determined by U, |i and {|n }, act on the state space of the target. Subsequently, a projective measurement in the basis {|n } is made on the probe, leaving the target in the state
with probability
The general theory does not indicate what property of the target has been determined by the projective measurement on the probe or the result of the backaction of the probe measurement on the target. Both of these determinations must be inferred from the detailed physics of the probe and the probe-target interaction.
Of particular interest are discrete, or even continuous, iterative sequences of weak measurements applied repeatedly to a single quantum system. 
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We interpret the interferometric position measurement of Fig. 1 as an iterative sequence of N weak generalized quantum measurements that proceeds one photon at a time and evolves the wavefunction of the particle from ψ 0 (x) = x|ψ 0 to ψ N (x) = x|ψ N . For each iteration, the target is the particle in quantum state |ψ j , while the probe is the optical system, which is initialized in the state |i = |1 1 |0 2 . The measurement basis for the probe
and the projection of the probe state onto this basis is accomplished and recorded by the photon detectors at the output ports of the interferometer.
Prior to the j th measurement, the state of the probe-target system is then
The entangled state of the probe-target system after the interaction of the photon with the particle, but prior to the projection of the probe onto the measurement basis, follows from the same physical-optics reasoning that led to Eqs. (3) and (4), with the caveat that the optical path length of the upper arm must be interpreted as a function of the particle's position operator, implying
where the normalization factors are
Comparison of Eq. (16) with Eq. (11) shows that M a (x) and M b (x), which are given by Eq.
(4) but are now understood to be functions of the position operator, can be identified as the measurement operators in each iteration. In what follows, we will show a remarkable consistency of the interpretation of the data as indicating the position of the particle, the form of the particles's post-measurement wave function, and the probability distribution of final states calculated from the particle's pre-measurement wavefunction, giving a powerful justification for this identification.
Subsequently, the j th photon is detected at either port a or port b. The photon is destroyed and the particle is left in the state
with probability P aj = |c aj | 2 or P bj = |c bj | 2 respectively.
The data record for a single measurement consists of an ordered sequence of photon counts from the two detectors of the form
For a particle that starts in the state |ψ 0 , the normalized state immediately after the measurement is
where the O j ∈ {M a (x), M b (x)} and are selected according to the data record. As functions of position, the measurement operators commute, so Eq. (20) immediately simplifies to
for any data sequence with n a photons detected at port a and n b = N − n a photons detected at port b. Further, using Eq. (7) to write n b − n a in terms of x est and Eq. (4) for M a (x) and
In the limit of small kx,
and the final wavefunction of the particle simplifies to
In the limit of large N, the post-measurement wavefunction is essentially a Gaussian wavepacket centered about x est , and the corresponding probability distribution for position has a variance of 1/(4Nk 2 ) = σ 2 x est , in precise agreement with the measured position. The wavefunction collapse is seen to be a direct consequence of the cumulative outcome-specific backaction on the particle when entanglement is destroyed by detection of photons.
IV. PROBABILITY DENSITY FOR x est
Next, we find the probability of observing a particular data sequence in a position measurement of a particle with initial wavefunction ψ 0 (x). The probability for the sequence to occur is the product of the conditional probabilities at each step:
This product is simplified by examining the j th factor. From Eqs. (17) and (20) we have
We see that the denominator of each factor in Eq. (25) cancels the numerator of the factor to its left, leaving
The probability of obtaining a particular data sequence depends on the number of counts in each channel, but not the order in which the counts are recorded. It follows that the probability of obtaining a particular value of n b can be obtained by scaling Eq. (27) with the appropriate binomial coefficient, which, applying Eq. (23), gives
The right hand side of Eq. (28) is clarified by applying Sterling's approximation for the binomial coefficients (see, for example, Ref. 38 ) and expressing n b in terms of x est and N, which leads to
For sufficiently large N, the initial wave function can be evaluated at x est , leaving an integral that can be evaluated and giving us
We find that the interpretation of the absolute square of the spatial wave function as the probability density for the particle's position emerges from the model.
V. LINEAR MOMENTUM OF THE POST-MEASUREMENT WAVEFUNCTION
Next we consider the post-measurement expectation value of the particle's linear momentum p N and its variance σ 2 p N . As N increases, the influence of ψ 0 (x) becomes relatively less important. However, there is an absolute contribution that persists, depending only on ψ 0 (x) and its derivatives evaluated at x = x est . This persistent contribution conserves the particle's initial linear momentum p 0 and preserves its initial variance σ 2 p 0 in the ensemble average.
In order to evaluate p N , we expand ψ 0 (x) as a second order power series in (x − x est ):
Using Eq. (31) for ψ 0 (x) in Eq. (24) gives
where we have expanded the result as a series in powers of 1/N and dropped terms that vanish in the absolute sense as N increases. Expanding ψ 0 (x) beyond second order does not affect the result.
The first term in Eq. (32) arises from the elastic collisions with half of the amplitude of the N photons, each of which imparts linear momentumhk. The second term is the contribution to p 0 of ψ 0 (x) in the range (x est − δx est /2, x est + δx est /2). Using the probability distribution (30), the average over an ensemble of identical systems approaches
Eq. (33) confirms conservation of linear momentum in the measurement, but the conservation argument can be turned around to motivate the de Broglie hypothesis for the wavelength of a particle. From Eq. (24) ψ N (x) is a wavepacket with wavelength
while conservation of linear momentum implies a post-measurement linear momentum of
Elimination of Nk between Eqs. (34) and (35) gives the de Broglie result,
without explicit appeal to the calculation of p N in the wave mechanics formalism.
A similar calculation gives σ 2 p N in the limit of large N. Using Eq. (31) for ψ 0 (x) we find
Note that keeping only the dominant term in Eq. (37) , and referring to Eq. (8), the product
saturates Heisenberg's inequality for this measurement.
As σ 2 p N is not observable, the direct ensemble average of Eq. (37) is not meaningful.
Taking care to evaluate the ensemble average of the linear momentum before squaring, we find the post-measurement ensemble variance of the particle's linear momentum approaches
increasing in accordance with the uncertainty principle while preserving σ 2 p 0 on average.
VI. RELATIONSHIP TO WEAK VALUES
Weak measurements are commonly associated with weak value amplification. The weak measurements we describe above are not an example of weak value amplification in the normal sense. [30] [31] [32] In particular, they do not include dark port tuning and the data are not limited to measurements on a postselected subset of the probe ancilla. In contrast, our measurement procedure is optimized by maximizing the collection efficiency for all photon ancilla, and by tuning the photon detection probability for the two ports to be equal. There is, however, a sense in which the detection of a photon at one or the other of the detectors could be characterized as the measurement of a weak value. Referring to Eq. 7 we could were not readily anticipated and merit further study. These results demonstrate that local mechanisms such as environmental decoherence, spontaneous local collapse or hidden observers acting directly on the particle are not strictly necessary for spacial wavefunction collapse of a remote particle to occur.
Our semiclassical treatment of the optical modes in this analysis highlights the essential elements of a quantum mechanical position measurement. By adopting this approach, we treat photon counting as a primitive operation and thereby cut off the otherwise infinite regression of treating a stochastic measurement process on one state space as increasingly detailed unitary evolutions on ever larger state spaces. Such a cut off is necessary in any quantum analysis that purports to describe recorded data, whether it is done implicitly or explicitly. This semiclassical approach also provides a starting point for obtaining quantitative predictions of, for example, the power spectra of a continuously monitored position signal and the resulting backaction force through more sophisticated analyses that account for the evolution of the particle state during the necessarily finite measurement time, the finite photon line width, the detector performance, and the full second quantization of the optical field. 39, 40 Finally, from the reasoning that leads to the inclusion of the binomial coefficient in Eq. (28), we note that our model demonstrates how a particular outcome for the measured value of the position and the post-measurement quantum state of a particle can result from numerous distinct trajectories through state space. When more complex interferometerbased position measurements that allow for temporal delays in photon detection through, e.g., spatial separation of the detectors are considered, it becomes possible that observers in relative motion will disagree on the order in which photon counts are registered and hence the particle's state space trajectory. The need to accommodate observer-dependent state space trajectories, even in the case of pure states, may provide insight into why the quantum evolution is not fully explained by a single law of motion. 
